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Abstract

Many modeling studies of variable-density groundwater flow have been performed in the last few decades. In most of these
studies, fluid density is considered to vary with concentration, while the variation of viscosity with concentration is neglected.
The consequences of this negligence is not completely known. The present study uses a numerical simulation approach to
investigate the density-viscosity-concentration relationship during groundwater flow and solute transport through a densitystratified system. Fluid density is assumed to increase with depth from freshwater at the surface, through brackish and saline
waters, to brines at the bottom half of the system. The system mimics field observations at the Atikokan Research Area (ARA)
in northwestern Ontario, Canada. Hypothetical 'unit basin' models, consisting of recharge-, midline- and discharge-area
regimes are employed.
Simulations with the density-concentration equation of state and a constant (freshwater) viscosity in the density-stratified
system causes groundwater to sink against the buoyancy forces of the system. More water is recharged into the system than
necessitated by the buoyancy. The configurations and lengths of travel paths, and travel time of conservative contaminants are
inaccurately predicted. Accounting for concentration in the viscosity equation causes groundwater floating in agreement with
the expected buoyancy physics of the system. Overestimation of concentration-dependent density causes sinking, whereas,
overestimation of viscosity results in overfloating and underestimation of groundwater recharge. Even in density-stratified
fluids with salinity of seawater, recharge and through flow of water may be slightly overestimated if a concentrationdependent density is used along with a constant freshwater viscosity. The concentration dependence of both density and
viscosity are to be analyzed carefully during groundwater flow and solute transport simulations in systems with considerable
fluid density variations. © 1998 Elsevier Science B.V.
Keywords: Viscosity; Density-dependent flow; Groundwater; Model; Buoyancy

1. I n t r o d u c t i o n

Increasing pollution o f groundwater aquifers by
surficial contaminant sources, and the proposed siting
and design o f underground nuclear waste repositories
have become a major environmental issue in recent
years. Concerns about health risks to humans from
contaminants leaking out o f waste disposal sites
I Formerly at: Applied Geoscience Branch, AECL Research,
Whiteshell Laboratories, Pinawa, Manitoba, Canada ROE 1L0.
0022-1694/98/$19.00 © 1998 Elsevier Science B.V. All rights reserved

Pll S0022-1694(97)00116-9

have prompted a number o f studies on the movement
and fate o f the contaminants. Numerical modeling o f
groundwater flow and solute transport is an efficient
method for the quantitative risk assessment and
planning o f remediation strategies.
Most contaminant transport models assume that
free convection due to the density o f the solute is
negligible relative to forced advection by hydraulic
gradients, and dispersion. From the works o f several
researchers (e.g. Freeze and Cherry, 1979; Kimmel
and Braids, 1980; Konikow, 1982; MacFarlane et al.,
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1983; Sudicky et al., 1983; Canter and Knox, 1985;
Freyberg, 1986; Hassanizadeh and Leijnse, 1988;
Herbert et al., 1988; Van der Molen and Van
Ommen, 1988; Schincariol and Schwartz, 1990;
Hayworth et al., 1991; Dane et al., 1991), it is clear
that this assumption of negligible density effects is
valid only for contaminant plumes of low concentrations, and not for highly concentrated leachates.
Weast (1987) stated that high total concentrations of
various organic and inorganic (metallic) constituents
in the solute phase correspond to a concentration of
salt in seawater. In such highly concentrated waters,
density effects are certainly not to be neglected without a proper analysis.
One area of variable-density flow systems that has
been researched significantly in recent years is the
understanding of the instability phenomena that may
accompany the transport of dense plumes of dissolved
contaminants. Research in this area has produced a
wealth of information about the nature of instabilities
and their relationship to the nature of porous media.
Notable among these studies are those by List (1965),
Moissis and Wheeler (1990), Oostrom et al. (1992),
Schincariol and Schwartz (1990), and Schincariol et
al. (1994; 1997).
In spite of our current knowledge, density effects in
solute transport models have not been completely
adequately considered. In many studies where density
is considered to vary spatially, viscosity is fixed at a
constant value. Fried (1975) stated that the dependence of viscosity on concentration can be neglected
for the range of salt concentrations bounded by zero
and that of normal seawater. Following Fried's statement, Singh and Stammers (1989) neglected the
viscosity-concentration relationship in their study of
a sharp interface model for freshwater recharge of
saline aquifers. Koch and Zhang (1991; 1992) concluded that the effect of viscosity is negligible against
that of the density and deduced the diminishing role of
viscosity from a simple scaling analysis of Darcy's
law. They recognized that a small viscosity change
0# of 5% results in a 5% change in total velocity,
and argued that such a small variation in velocity
will be completely masked by other uncertainties in
the physical and numerical model. They did not, however, recognize that a 5% change in velocity may
determine whether the travel time of contaminants
from a repository to the accessible biosphere is

acceptable for radioactive waste disposal purposes.
Furthermore, larger viscosity changes (0ix > 5%) are
easily generated by saline waters and brines (Ophori,
1996). A similar assumption, neglecting the
viscosity-concentration relationship, has been made
by Henry (1964), Elder (1966; 1967), Pinder and
Cooper (1970), Segol and Pinder (1976), Segol et al.
(1975), Frind (1982a,b), Souza and Voss (1987), Voss
and Souza (1987), Senger and Fogg (1990a,b) and
Dorgarten and Tsang (1990), among others.
The works of Kestin and Wang (1957) and Kestin et
al. (1958) clearly demonstrate that the viscosity and
density of a fluid are closely coupled in the working
equations of an oscillating-disk viscometer used in
measuring the viscosity of the liquid. Grimes et al.
(1979) state that, to a first order of approximation,
the logarithmic decrement (A) of the oscillations of
the disc is proportional to the square root of the
product of the density (P) and viscosity (/~) of the
fluid, i.e.
A~(p/z) 1/2

(1)

Accordingly, variation in both density and viscosity
in relation to concentration has been considered in
studies such as INTERA (1981), Garven and Freeze
(1984a,b), Herbert et al. (1988), Welty and Gelhar
(1992) and Evans and Raffensperger (1992). These
studies, however, do not discuss the significance of
considering the density-concentration relationship
independent of the viscosity-concentration curve
during flow modeling.
The objective of this paper is to simulate numerically some of the possible effects of a constant or
concentration-dependent viscosity on variable density
groundwater flow and solute transport. The viscosityconcentration (TDS) relationship employed is based
on the equation of Robinson and Stokes (1965) and
field total dissolved solids (TDS) data from the
Atikokan Research Area (ARA) in northwestern
Ontario. Such a study contributes to our knowledge of
the hydrodynamics of density-stratified flow, in addition
to satisfying practical environmental assessment goals.

2. P r o b l e m f o r m u l a t i o n

The domain is a hypothetical two-dimensional
100 m by 100 m vertical X - Z section (Fig. 1). The
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The boundary conditions are such that no flow crosses
the bottom and two vertical boundaries. The sinusoidal surface is imposed to drive flow from the left to
right half o f the region by specifying hydraulic heads
equal to the surface elevation. Geologically, the
region is homogeneous and isotropic with a
permeability equal to 0.4 × 10 -9 m 2. This permeability
corresponds to the highest values reported in the A R A
from field data. This set up produces a 'unit basin' as
defined by T6th (1984) consisting of the essential
hydraulic regimes (recharge, midline, discharge) of
a flow system required for analysis in this study.
Two typical density cases (A and B) have been
analyzed. In the base Case (Case A), freshwater having a density of 1000 kg m -3 under isothermal conditions o f 6°C is allowed to recharge and flow through
the entire basin. In Case B, the basin is filled with
density-stratified water with freshwater close to the
surface and brines with density up to 1300 kg m -3
occupying the lower half o f the basin (Fig. 1). This
arrangement mimics a conceptualization o f the
density distribution o f water at the A R A based on
observed distribution o f total dissolved solids. Several
scenarios o f Case B were analyzed. The density- and
Depth (m)
60.00 - I

20.00

I0.00

50.00

\

40.00

L
,
,

,I

0.00
-I0.00

30.00

-20.00

20.00

-30.00

10.00

-40.00

N

-50.00

'7

I

"~'~';~"~ .......
~ S ~ " i ' ~ ' ~ ....

"..'.

".. ",
~;s~ ~ . . . . . .
"-..'-...

0.00
-I0.00

1.00

I

[

I.I0

1.20

_

i

-20.00

i-

1.30

b)
]Demslty(kg/m~) x I0 3
Fig. 1. Hypotheticaldomain used in modeling: (a) size (m), boundary conditions and density stratification; (b) density-depth profile.
top surface coincides with the water table, and is
adjusted to create a sinusoidal shape with a maximum
amplitude o f 5 m. This arrangement increases the left
side to 105 m and decreases the right side to 95 m.
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c o r r e s p o n d i n g v i s c o s i t y - d e p t h profiles o f all the
scenarios (Cases 1 to 6) analyzed in this study are
presented in Figs. 2 and 3, and are described in
Table 1.

The Model O f Transport In Fractured/Porous Media
( M O T I F ) finite-element code was used to solve the
problem. M O T I F was developed by Atomic Energy o f
C a n a d a Ltd (Guvanasen, 1984; Chan et al., 1987) to
model the coupled processes o f saturated and unsaturated fluid flow, heat and mass transport, and the geomechanical behavior o f a rock mass o f low permeability
intersected by a few major fracture zones o f relatively
high permeability. The region was descritized into 80
layers and 80 columns totaling 6400 quadrilateral elements and and 6561 nodes. The density o f the fluid is
1000 kg m -3 with a corresponding viscosity o f 1.472 x
10 -3 Pa s at an isothermal temperature o f 6°C.
As expected, a single flow system with recharge
( d o w n w a r d flow) in the left half and discharge
(upward flow) in the right h a l f is observed (Fig. 4).
A water v o l u m e b a l a n c e calculation was performed
on the entire system in which vertical inflow and outflow through the top o f each m o d e l layer was estimated. Fig. 5 shows the average vertical flow rates
for layers 1 (top layer) through 10. These flow rates
were averaged over each o f the upward- or downward-flow areas o f each layer. Results for this simulation are labeled as Case 1 in Fig. 5. For each layer,
inflow was found to balance outflow closely, thus, the

Table 1
Fluid density and viscosity consditions in simulated cases
Case

Density

Viscosity

Constant (reference); freshwater (1000 kg m 3)
Variable; freshwater (1000 kg m 3) at surface
to brines (1239 kg m -3) in bottom half of basin;
fluid concentration considered
Same as in case 2

Constant (reference); freshwater (0.001472 Pa s)
Same as in case 1; fluid concentration not considered

variable; freshwater (1000 kg m- 3) at surface
to brines (1300 kg m -3) in bottom half of basin;
fluid concentration purposely over-represented
Same as in case 4
Variable; freshwater (1000 kg m -3) at surface
to seawater (1025 kg m -3) in bottom half of basin;
fluid concentration considered

Variable; freshwater (0.001472 Pa s) at surface to brines
(0.002549 Pa s) in bottom half of basin; fluid
concentration properly considered
Same as in case 3
Variable; freshwater (0.001472 Pa s) at surface to brines
(0.003209 Pa s) in bottom half of basin; fluid
concentration purposely over-represented
Same as in case 2
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Fig. 5. Average vertical flow rates for model layers 1 to 10: note
that rates for Cases 2, 4 and 6 are greater, and those for Cases 3 and
5 are less than those for Case 1 (the freshwater case).

rates may be interpreted as inflow or outflow except
for a change in sign. It may be observed that the flow
rate decreases with depth due to loss to the horizontal
component and subsequent discharge to the surface
between layers.
3.2. Solute transport
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Solute transport was simulated using the velocity
field produced by the MOTIF code and a numerical
particle-tracking code, TRACK3D (Nakka and Chan,
1995). TRACK3D temporarily integrates the groundwater velocity field and moves a fluid or contaminant
particle in small time intervals from its old position to
a new position thereby tracing the flow path and travel
time of the particle. In this study, 10 particles representing conservative contaminants were located at the
surface of the recharge area of the system and tracked
to the discharge points. The initial locations, exit
points and configuration of the particle tracks are
shown in Fig. 6, whereas the travel distances and
times may be observed in Figs. 7 and 8.
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Fig. 6. Travel paths of particles 1 to 10 for Case 1 (solid lines) and
Case 2 (dotted lines) simulations: particles travel from entry points
in the recharge area (left) to the exit points in the discharge area
(right).
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The preceding flow simulation was repeated but
with the second (Case B) type layered density
distribution (see Fig. 1). The equations of state for
density and viscosity used in this (Case 2) simulation,
at 6°C and neglecting pressure, are for density:
(2)

and for viscosity:
/z= 1.472 x 10 -3 Pa s
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where:
o = reference density = 1000 kg m-3;
= slope of the density-concentration curve
(=3.9 × 10 -2 for the ARA TDS data); and
C = concentration of fluid in mol 1-1.
It may be observed from eqns (2) and (3) that for
fluids with highly variable concentrations, density will
vary significantly while maintaining a constant value
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Fig. 8. Travel times o f particles 1 to 10 for all six simulated cases:
figure on X-axis is the number of the particle that travelled through
the region in the corresponding time.

for the viscosity (see Case 2 in Figs. 2 and 3, and
Table 1). This variation may violate the close interrelationship between the density and viscosity of fluids
that was outlined in an earlier section. The fluid concentration in the bottom half of the region was 6.12 mol 1-1,
which corresponds to the probable maximum saturated
TDS concentration of 330 000 mg 1-1 (Fritz and Frape,
1982; Gascoyne et al., 1987) in the Atikokan Research
Area. This concentration is equivalent to a maximum
fluid density of 1239 kg m -3.
The flow vectors for cases 1 and 2 simulations are
similar (see Fig. 4). However, the vertical flow rates
(see Fig. 5) for the case 2 simulation are greater
than those of the Case 1 simulation, contrary to
expectation based on the physics of the system. In
particular, these results show that more water is
recharged and discharged from the density-stratified
system of depth-increasing density than from the
freshwater system, i.e. the water 'sinks'. This
behavior is opposite to that expected on the basis of
the buoyancy of the fluid as observed by INTERA
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(1981), Garven and Freeze (1984a), Paschke and
Hoopes (1984), and Koch and Zhang (1992). The
buoyancy physics of the system is not reproduced
accurately by this Case 2 simulation.
To analyze the observed behavior of the flow system further, ten panicles were tracked from the
recharge area to their discharge points as with the
previous simulation. Fig. 6 shows that whereas the
particles enter and exit the flow domain at the same
points, the panicles penetrate deeper in the densitystratified system. Figs. 6 and 7 indicate that travel
paths may be significantly different and longer,
whereas travel time may be shorter, longer, or the
same (Fig. 8) in the density-stratified system as their
counterparts in the freshwater system.
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Following the above unexpected results, the
viscosity equation was modified to account for concentration as suggested by Robinson and Stokes
(1965). Eq. (3)then becomes:
#(C)= 1.472 x 10 -3 × (1 + O . O 0 5 ~ ; C + D C )

partl.c|e

50

5. Simulation with variable density and
concentration
5.1. D e p e n d e n t
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(4)

where D = temperature dependent coefficient, found
to be 0.1223 for the Atikokan Research Area.
The value of 0.1223 and a 'molecular weight' for
TDS of 53.64 g were obtained by Ophori (1996),
using an average mass balance method and field
TDS and major ion geochemical data from the Atikokan Research Area. Details about Eq. (4) may be
obtained from the report by Ophori (1996). The
fluid concentration was also adjusted in this simulation to produce a maximum density of 1239 kg m -3
corresponding to a maximum viscosity of 2.549 ×
10 -3 Pa s at the bottom half of the system. Simulation
results for this Case (Case 3) show an opposite pattern
to those of Case 2 with respect to Case 1 (see Fig. 5).
Less water is recharged into the basin, and flow rates
are reduced relative to those of Case 1. Figs. 7, and 9
indicate that the water is now less penetrative due to
buoyancy, and flow paths are shorter, i.e. the water
'floats'. The particle travel times may increase or
remain the same depending on the original location
of the panicles (see Fig. 8).

Fig. 9. Travel paths of particles 1 to 10 for Case 1 (solid lines) and
Case 3 (dotted lines) simulations: particles travel from entry points
in the recharge area (left) to the exit points in the discharge area
(right).

The observed behavior of the system from the
preceding three simulations may be explained by
examining the equation for the calculation of the
vertical velocity component qz:
qz = - k ~ p r e f g / ~ ( O h / O z + Z~P/Pref)

(5)

where:
kz = permeability of the medium in the vertical
d i r e c t i o n (m2);
A p = p - Prey (kg m-3);
h = reference hydraulic head (m);
g = acceleration due to gravity (m s-2); and
z = space coordinate in the vertical direction (m).
In Case 1, the reference density (1000 kg m -3) and
reference viscosity (1.472 × 10 -3 Pa s) are accurately
estimated and used in Eq. (5). In Case 2, the density,
deep in the flow system, is overestimated relative to
the viscosity which is kept constant at the reference
value (see Figs. 2 and 3, and Table 1). Thus, Ap is
overestimated in the buoyancy term, causing an erroneously high velocity. In Case 3, the viscosity is
appropriately corrected to account for the concentration of the TDS, thus, the interrelationship between
density and viscosity is honored, and vertical
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velocities are reasonably estimated to respect fluid
buoyancy.
The implication of this finding on contaminant
transport may be important. The assumption of a single viscosity in a variable density flow simulation may
lead to a wrong prediction of the configuration and
length of travel paths, and of the travel time of contaminants.

6. Sensitivity analysis
Following the Case 3 run, three other simulations
(i.e. Cases 4, 5 and 6) were performed using the density-depth and viscosity-depth profiles shown in
Figs. 2 and 3, and described in Table 1. Case 4 was
performed to test the sensitivity of the vertical components of the flow rates to the density-concentration
slope. For this simulation, the fluid concentration distribution used in Case 3 was maintained while the
slope of the density-concentration curve, e, was
purposely increased from 3.9 x 10 -2 to 5.1 x 10 2
producing a maximum density of 1300 kg m -3 against
the maximum viscosity of 2.549 x 10 -3 Pa s at the
bottom half of the model. It should be noted that the
actual equivalent viscosity to a density of 1300 kg m -3
from Eqns (2) and (4) is 2.877 x 10 -3 Pa s. Thus, this
simulation corresponds to an underestimation of viscosity or using a fluid of a higher density-concentration relationship than that of Case 3. Fig. 5 shows that
the use of these two non-interrelated fluid densityviscosity curves results in unexpected results (i.e.
fluid buoyancy effects are not obeyed). Recharge
into, and flow through the system is more than in
the freshwater (Case 1) system. The water 'sinks',
and contaminant transport would be simulated inaccurately in this system.
In Case 5 simulation, the base viscosity (in the
lower half of the system) of 2.549 x 10 .3 Pa s in
Case 4 was increased to 3.209 x 10 -3 Pa s by altering
the D coefficient in Eq. (4) from 0.1223 to 0.2. The
base density was maintained at 1300 kg m -3 (i.e. viscosity is purposely overestimated). Much less water,
than even in Case 3, is recharged into the system
(Fig. 5). This result suggests that overestimation of
viscosity might over predict the buoyancy effects of
density-stratified fluids, and cause water to 'overfloat'. Recharge rates within the basin are underestimated, and contaminant movement will be

wrongly predicted, although the buoyancy physics
of the system appears to be correctly represented.
Case 6 simulation was designed to test the assumption of maintaining a constant viscosity of 1.472 x
l 0 -3 P a s in the entire system while allowing the
water at the bottom half of the model to possess seawater salinity with total dissolved solids of
35 0 0 0 m g l -l, corresponding to a density of
1025 kg m -3. From Eqs. (2) and (4), a density of
1025 kg m -3 corresponds to a viscosity of 1.595 x
10 -3 Pa s, thus, this simulation slightly underestimates
viscosity. Fig. 5 shows that buoyancy effects may
indeed be violated under these conditions. The
assumption of constant freshwater viscosity in simulating contaminant transport in variable density fluids
having up to seawater salinity depends on the degree
of accuracy that is expected from the results.

7. Conclusion
Six simulations (Case 1 to Case 6) have been performed using a hypothetical groundwater basin to
study the density-viscosity relationship of a densitystratified fluid system. The density increases with
depth in a manner that mimics the distribution of
TDS in the ARA, in northwestern Ontario. The simulations were necessary because the density-viscosity
relationship has not been properly evaluated in
variable density flow simulation studies.
Case 1 simulation with a single (reference) density
( 1 0 0 0 k g m -3) and reference viscosity (1.472 x
10 -3 Pa s) produced gradually decreasing vertical
flow velocities depth. Case 2, simulating variable density (up to 1239 kg m 3) depending on fluid with concentration, but with constant reference viscosity
(1.472 x 10 3 Pa s), produced results that are inconsistent with the expected buoyancy physics of the
system. This simulation shows that more water is
recharged into a basin with stratified fluid density
that increases with depth than into a freshwater
basin. Vertical flow velocities were also found to
increase relative to the single reference density case
(i.e. the water 'sinks'). These results are not only contrary to those expected from the buoyancy effects of
the fluid system, but they also do not agree with predictions of others, such as INTERA (1981), Garven
and Freeze (1984a), Paschke and Hoopes (1984) and
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K o c h and Z h a n g (1992). The viscosity equation was
then c o r r e c t e d to account for fluid concentration on
the basis o f a T D S - d e p t h relationship obtained f r o m
the A R A field data. Case 3 simulation, using the corrected equation p r o d u c e d results w h i c h h o n o r the
e x p e c t e d effects o f fluid b u o y a n c y . Less w a t e r is
r e c h a r g e d into the basin, and vertical velocities are
reduced relative to the reference density and v i s c o s i t y
case (i.e. the water 'floats'). In Case 4, the slope o f the
d e n s i t y - c o n c e n t r a t i o n relationship was increased at
the e x p e n s e o f the v i s c o s i t y - c o n c e n t r a t i o n relationship. This simulation s h o w s that density is overpredicted relative to viscosity. C o n s e q u e n t l y , the
water sinks, because the fluid b u o y a n c y t e r m and
recharge into the basin are o v e r p r e d i c t e d relative to
the reference case with freshwater density only.
Increasing the v i s c o s i t y D coefficient o f Case 4 simulation to overpredict the v i s c o s i t y relative to the
density, resulted in recharge and vertical velocities
b e i n g highly underpredicted in Case 5, although the
b u o y a n c y physics o f the system appears to be properly
represented. The w a t e r ' o v e r f l o a t s ' in this Case 5
simulation. Case 6, simulation using the density o f
seawater and m a i n t a i n i n g the r e f e r e n c e viscosity in
the entire system, shows that such an assumption
m a y be in error during g r o u n d w a t e r flow and solute
transport simulation. S e a w a t e r ' s i n k s ' u n d e r this
condition o f simulation.
It is c o n c l u d e d that the density and viscosity
equations o f state are v e r y closely interrelated and
highly sensitive to one another w h e n fluid concentration is considered. Care is to be e x e r c i s e d in
m o d e l i n g variable density g r o u n d w a t e r flow and
c o n t a m i n a n t transport in basins with saline waters
and brines.
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